We reveal topological currents arising from dipolar parity anomaly in the presence of spatiotemporally weak-dependent energy-momentum separation of paired Dirac points in two-dimensional space-time inversion symmetric semimetals. A corresponding lattice model is proposed to emulate the topological currents by using two-component ultracold atoms in a two-dimensional optical Raman lattice. In our scheme, the topological currents can be generated by varying in-site coupling between the two atomic components in time and tuned via the laser fields. Moreover, we show that the topological particle currents can directly be detected from measuring the drift of the center-of-mass of the atomic gases.
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Topological states of quantum matter have been paid significant attentions in condensed matter physics [1, 2] and belong to a new classification paradigm based on the notion of topological order [3, 4] , which are distinctly different from the states that are characterized by Landau theory based on spontaneous symmetry breaking [5] . In recent years, more and more interests have shifted from gapped topological insulators or superconductors to gapless topological systems, including topological semimetals with Dirac points [6] [7] [8] , Weyl points [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , Dirac line nodes [19] [20] [21] [22] [23] [24] [25] , as well as symmetry-protected Z 2 -type gapless points [26, 27] On the other hand, ultracold atoms in optical lattices provide a powerful platform to simulate various quantum states of matter due to their high flexibility and controllability [28] [29] [30] [31] . Remarkably, various topological systems have been realized and measured with ultracold atoms, such as the Hofstadter model [32, 33] , Haldane model [34] , two-dimensional (2D) spin-orbit-coupled systems with Dirac points [35] and with non-zero Chern numbers [36, 37] , and the chiral edge states [38] . Several schemes have been proposed to realize topological semimetal bands in optical lattices [39] [40] [41] [42] [43] [44] [45] [46] . In threedimensional (3D) topological Weyl semimetals, there is a topological current J W = b 0 B/4π 2 arising from the chiral magnetic effect in the presence of the energy separation of paired Weyl points b 0 and the external magnetic field B, which has virtually been simulated with superconducting quantum circuits in 3D parameter space [47] . Another kind of topological responses induced by axial gauge fields [48] from the energy-momentum separation between a pair of Weyl points was indicated for cold atoms in 3D optical lattices [49] .
In this Letter, we reveal a distinct kind of topological currents in 2D Z 2 -type semimetals possessing a joint space-time inversion (P T ) symmetry [27] , which is induced by the spatiotemporally dependent energymomentum separation of paired Dirac points. We also propose a tunable lattice model, which is theoretically able to generate pure topological currents and is realizable by using two-component ultracold atoms in a 2D optical Raman lattice. In the proposed optical lattice system, the topological currents can experimentally be generated by varying in-site coupling between the two atomic components in time and tuned via the applied laser fields. Furthermore, we show that the topological particle currents can directly be detected from measuring the drift of the center-of-mass of the atomic gas. Topological currents in 2D Dirac semimetals. We consider a 2D topological semimetal system with a single pair of Dirac points k ± D , as shown in Fig. 1(a) . The low-energy graphene-like effective Hamiltonian of the sys-
, where γ µ 's are the Gamma matrices defined here in the (2+1)-dimension of space-time as γ 0 = σ 0 τ 0 , γ 1 = σ 1 τ 0 , and γ 2 = σ 2 τ z , with σ µ 's being the Pauli matrices acting on the (pseudo-)spin states at each Dirac cone while τ 0 and τ z belonging to the other set of Pauli matrices acting on the two cones. The dipole momentum b µ denotes the separation of paired Dirac points in the energy-momentum space. More specifically, here 2b 0 denotes the energy separation and one can define the vector
denoting the momentum separation, with an example shown in Fig. 1(a) . When the system is coupled with an external (effective) electromagnetic filed A µ , the effective action gives rise to a topological term S top = i´d x ǫ µνρ b µ ∂ ν A ρ /(2π) (see a derivation in the Supplemental Material (SM) [50] ). The response current of the 2D topological semimetals can be obtained by taking the functional derivative of the anisotropic Chern character term
This implies a topological current [50] 
and the corresponding particle density is
where we have set = e = c = 1 for briefness. Obviously, the topological current J D is dependent solely on dipole momentum b µ , which plays a similar role as the gauge field A µ → (b 0 , b). The above current stems from a pair of P T -protected Dirac points in two dimension, which is different from that caused by the parity anomaly of a single Dirac point (see the SM) [50] ), and thus may be called as topological currents of dipolar parity anomaly (DPA). To our knowledge, this kind of pure topological currents have never been probed experimentally. We note that a similar topological current may also be obtained from time-dependent elastic deformations in graphene [51] , but it seems to be extremely hard to probe the current experimentally. Although the topological current is derived from an effective field theory of 2D topological semimetals under external electromagnetic fields, it can be still illustrated as the particle current in neutral atom systems with the same spatiotemporally dependent Dirac dipole momentum. Notably, when there are multi-pairs of Dirac points in the 2D topological semimetal system, the total induced topological current equals to that takes the sum of currents arising from each pair of Dirac points [47] .
Model on an optical Raman lattice. We now turn to realization of the topological particle current J D with cold atoms in a 2D optical lattice, which can be created by slowly space-varying b 0 or (and) time-varying b, such that the adiabatic approximation is valid for the topological features of considered bands. For simplicity but without loss of generalization, we here focus on generating J D from time-dependent b in the corresponding lattice system, as shown in Fig. 1(b) . To do this, we consider to realize the following Bloch Hamiltonian on the 
Max (x, y). Moreover, the orange ovals denote the optical lattice site (xi, yj), where the i and j is the shorthand notation of xi and yj, respectively. The orange and light blue arrows denote the laser beams, which are used to construct the optical lattice and Raman lattice, respectively. From V R (x, y), we easily find Fig. 3(a) .
2D lattice
where a x (a y ) is the lattice length in x (y) direction, λ(τ ) denotes a time τ dependent in-site coupling between the two atomic components, δ t is a hopping parameter, and f (k) is an arbitrary function. According to the theory of joint space-inversion (P ) and time-reversal (T ) invariant topological gapless bands [27] , the Hamiltonian H(k) supports a non-trivial class of node points with Z 2 topological charges. The topological stability of the system only relies on the P T symmetry with the operator A =PT = σ 1K , independent of the individualP = σ 1Î andT =KÎ here, withÎ inversing the wave vector k to −k andK the complex conjugate operator. For H(k), it is obvious that the individual P and T symmetries are broken, but the joint P T symmetry is preserved. We here wish to pinpoint that the topological current arisen from any dipole of Dirac points in this lattice Hamiltonian system takes the same formula as that for another dipole (i.e.,Eq. (1)) derived from the afore-mentioned continuum model H eff because of the topological equivalence between the two dipoles.
The
where η = (e x , e y ) and σ =↑, ↓. A challenge for realizing this Hamiltonian with neutral atoms is to implement the spin-flip hopping, which acts as the effective 2D spin-orbit coupling. In general, the required spin-flip hopping terms may be achieved in a 2D optical Raman lattice [36] . Particularly, they can be formed by simultaneously applying two pairs of light beams via two-photon Raman coupling with the lattice potential V L (x, y) and Raman potential V R (x, y). A similar Raman lattice scheme was proposed [36] and realized in the experiment [37] . For our lattice model, we choose
The sketch of the Raman potential shown in Fig. 2(a) with a y = 2a x . In addition, the in-site coupling between two atomic components λ(τ ) in Eq. (3) can be achieved and tuned by one-photon Raman coupling (via radiofrequency or microwave fields) with the time-dependent Rabi frequency [52] . For the optical Raman lattice under tight-binding approximation, the system can be effectively described by the Hamiltonian H in Eq. (3) [50] .
Tunable topological currents. The pairs of the Dirac points are dependent on the value of λ(τ ) [50] . If λ (τ ) > 1 + δ t or λ (τ ) < −(1 + δ t ), the energy band is gapped without Dirac points and thus J D = 0. If 
Thus, the topological current J D in this system can be written as
1/2 }ê x , with λ ′ (τ ) = ∂λ/∂τ . Here, we set b 0,1/2 = 0 since f (k) (even function) only includes the spin conservation hopping. justing the values of λ (τ ) and δ t .
For generating tunable topological currents in the cold atom system, we also consider a typical driving forms of λ(τ ): the time-periodically driving λ(τ ) = λ P (τ ) = λ cos (ωτ ) /2 + λ 0 /2 with frequency ω. Importantly, the time-dependent term must change slowly enough to avoid breaking the band structure. One can set the relation λ/2| (cos(ωτ + ωT 0 ) − cos(ωτ )) | ≪ t with T 0 = /t being satisfied, such that λ P (τ ) can be considered as a quantity which changes slowly in time. Here ωT 0 = ω/t ≪ 1 is required to avoid resonance absorption for the atom-laser coupling field. Without loss of generality, we can set ω max T 0 = 0.1 and λ max = 0.2t, such that | (cos(ωτ + ωT 0 ) − cos(ωτ )) | ≤ 0.1 and |λ(τ + T 0 ) − λ(τ )| max = 0.01t ≪ t. For the time-periodically driving case, the parameters λ, ω and τ are the compact notations of λ/t, ωT 0 and τ /T 0 , respectively, which are used to calculate J D . In this notation, J D takes the unit of (a y T 0 ) −1 . The typical topological currents J D for the periodically driving case are shown in Figs. 3 (a) and (b). For λ P (τ ), one can regulate the number of the pairs of Dirac points through driving the system. The discontinuity of the topological current J D shown in Fig. 3 (b) is due to the change of the number of paired Dirac points. This indicates the topological phase transition of the system and means that one can induce the topological phase transition by adjusting the driving parameters. Fig. 3 (a) . Here the parameters for the red transparent thick line are the same as the others color lines except δt, where δt is 0 (0.32) for the red transparent thick line (the others lines). It is clear that there is no drift of the center-of-mass ∆xc for δt = 0, even though there are two pairs of Dirac points (due to the current cancellation from the two pairs). Thus this non-vanishing ∆xc feature may be taken as an experimental signature for topological currents of DPA.
Detection schemes. In order to observe this novel topological current in experiments, we first discuss typical energy scales for several physical quantities. For cold alkalis atoms trapped in the optical lattice, the typical recoil energy E R /( × 2π) is about several kHz [53] , and the typical hopping amplitude t is changed in the region (0, 0.1E R ). The coherence time of cold atom systems is typically around τ coh ∼ 100ms. Thus, the intrinsic timescale of the lattice system is T 0 = /t = (1, 10, 100, 1000)ms, corresponding to t = (1000, 100, 10, 1)Hz. The bosonic or fermionic atoms can be loaded in the optical Raman lattice, and we assume the bosons as used in the experiment [37] . The critical temperature of typical Bose gases is about 1 − 100nK and the corresponding frequency is about 20 − 2000Hz. When the trapping potential satisfies V L 0,x/y > ∼ 5E
x/y R , the atoms trapped in optical lattice are well described within the tight-binding approximation [53] . The bandwidth W ≈ 4 t Thus, if the temperature of system is about several hundred nK (the same level of bandwidth W ), we can assume the bosonic atoms will be incoherent homogeneous distribution within each band in k-space [33] (each k can be equally filled). Under these conditions, the topological current J D can be directly detected via measuring the drift of the center-of-mass of the atomic cloud along the x direction.
The measurement of the atomic center-of-mass shift can be achieved by the same way as that in the experiment in Ref. [33] , but without an external effective force since the topological current arises from the time-varying fields here. The drift velocity reads v c = J D /ρ, where ρ denotes the average density of the atomic gas and is assumed invariable within the coherence time. Thus the atomic center-of-mass displacement reads x c (τ ) =´J D dτ /ρ, which directly reveals the features of J D . The typical results of the drift of the centerof-mass ∆x c = x c (τ ) − x c (τ = 0) as a function of time τ are shown in Fig. 4 for the periodically-driving case with ρ = 0.01(a y a x ) −1 [the corresponding topological currents J D are shown in Fig. 3(a) ]. In Fig. 4(a) , the dashed blue lines indicate the maximum drift of |∆x c |. To detect J D for the hopping amplitude t ∼ 1kHz, the particle density ρ must be smaller than 0.1 (a y a x ) −1 . This can be achieved by setting the particle number N < ∼ 1000 for the typical 2D optical lattice of size 100a x × 100a y . If we set the density of particle ρ = 0.1, 0.05, 0.01(a y a x ) −1 , the corresponding maximum displacement of |∆x c | is about 1a x , 2a x , 10a x with τ ∼ 31.4ms, which can be well measured in cold-atom experiments [33] . Finally we note that the topological current J D is protected by the joint P T symmetry, which can also be tested in experiments. If we add P or (and) T broken perturbation term, such as H ′ = ǫ sin(k y a y ) with a small value ǫ, J D is not destroyed. If we add the P T symmetry broken term, such as ǫσ z in this system, the bands will be gapped and then J D will disappear.
Conclusion.
We have revealed a novel kind of topological currents arising from the DPA in the presence of the spatiotemporally weak-dependent energy-momentum separation of paired Dirac points in 2D P T symmetric semimetals. In particular, we have proposed an experimentally feasible scheme to realize and detect this kind of topological particle currents with ultracold atoms in a 2D optical lattice. The present scheme is quite promising for realizing the first experimental detection of topological currents of DPA.
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